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We present an effective Chern-Simons theory for the bulk fully polarized fractional quantum Hall 
(FQH) hierarchical states constructed as daughters of general states of the Jain series, i. e. as FQH 
states of the quasi-particles or quasi-holes of Jain states. We discuss the stability of these new states 
and present two reasonable stability criteria. We discuss the theory of their edge states which follows 
naturally from this bulk theory. We construct the operators that create elementary excitations, 
and discuss the scaling behavior of the tunneling conductance in different situations. Under the 
assumption that the edge states of these fully polarized hierarchical states are unreconstructed and 
unresolved, we find that the differential conductance G for tunneling of electrons from a Fermi liquid 
into any hierarchical Jain FQH states has the scaling behavior G ~ V a with the universal exponent 
a = 1/u, where v is the filling fraction of the hierarchical state. Finally, we explore alternative ways 
of constructing FQH states with the same filling fractions as partially polarized states, and conclude 
that this is not possible within our approach. 



In 1983 Laughlin proposed his celebrated wave func- 
tions as an explanation of the fractional quantum Hall ef- 
fect (FQHE) for a two-dimensional electron gas (2DEG) 
with filling factors v = 1/m, with m an odd integer. 
Shortly after that, hierarchical generalizations of these 
fully polarized states were also proposed for arb itrary 
filling factors with odd-denominator fractions 03- The 
basic idea behind these Halperin-Haldane hierarchical 
states is that, at filling factors away from v = 1/m, there 
is a finite density of excitations of a primary (Laughlin) 
fractional quantum Hall (FQH) state, that are quasi- 
holes with fractional charge and fractional statistics, 
which themselves may also condense into a new incom- 
pressible FQH state. Thus, for instance the FQH state 
at v = 2/5 is viewed as a FQH state of quasi-holes of the 
v = 1/3 state, a "condensate". Away from these filling 
factors, there is a finite density of these new excitations 
which in turn may also condense into yet another in- 
compressible FQH state, and so on. The bosonic Chern- 
Simons field theory of the Laughlin states describes 
the FQH states as the Bose condensation of a (bosonic) 
field. In this picture the Haldane-Halperin hierarchical 
states are described by the condensation of vortex exci- 
tations on the primary condensate. [j| 

Thus, Halperin-Haldane hierarchical FQH states have 
a built-in nested structure, much reminiscent to that of 
a Russian doll, in which states higher in the hierarchy 
are supported by lower states and so forth. Implicit in 
this construction is the assumption that, as the magnetic 
field or the density are varied, their excitations remain 
well defined even when their densities are relatively high 
(as measured by their effective filling factors). Besides, 
underlying lower states remain stable and inert as their 
excitations condense into yet new higher states. Thus, 
although the Halperin-Haldane hierarchy offers a simple 
way to construct states for arbitrary filling, it is a crude 
model whose assumptions may not obviously hold. Fur- 
thermore, it is a necessary consequence of the assump- 



tions of this hierarchical construction that the Hilbert 
spaces supported by these states have many conserved 
currents, one for each level of the hierarchy, even though 
the underlying 2DEG a priori has only one conserved 
current, the charge current, as required by charge con- 
servation. Thus even if the Halperin-Haldane hierarchi- 
cal states may be sound in the low energy limit, at the 
microscopic level most of these additional conservation 
laws must be violated. Hence, for this hierarchy to work 
it is necessary to suppress the processes which violate 
the extra conservation laws. It also follows from these 
constructions that, as the physical edges of the 2DEG 
are approached, the intricate structures of these states 
is progressively revealed as one layer after another of the 
state structure gets peeled-off [fjui • This nested structure 
also determines many qualitative features of the phase 
diagram of the 2DEG in the regime in which only incom- 
pressible fluids and insulating states are present 0. 

An alternative construction, based on the notion of 
composite fermions, was proposed by Jain 8]. This ap- 
proach yields stable FQH states for filling factors on the 
sequences 1/v = 2n + l/p, where n and p are integers 
(n > 0). The FQH states on the Jain sequences are the 
most prominent, and hence the most stable, of the experi- 
mentally observed FQH states. In these families of states, 
within a mean-field picture, the composite fermions fill up 
a finite number \p\ of Landau levels of a partially screened 
magnetic field. Beyond mean field theory fluctuation 
effects, embodied by an effective Chern-Simons gauge 
field [!j , turn the mean field composite fermions into exci- 
tations with fractional charge and fractional statistics . 
It is also possible to const ruct a hierarchy of FQH states 
using composite fermions |lfJll| . 

Although the universal physical properties of the FQH 
states, i.e. the charge and statistics of the excitations and 
the ground state degeneracy-derived from both construc- 
tions are in fact identical Qa9 > m practice the nature of 
the approximations that are made are different in each 
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approach, i. e. condensation of a composite boson or 
filling up Landau levels of composite fermions. As a re- 
sult, there are significant quantitative differences in their 
predictions of energy gaps and other non-universal but 
physically important properties. Besides, as we already 
discussed, it is an experimental fact that the states in 
the main Jain sequence are the most stable fully polarized 
states, while within the Haldane-Halperin approach, only 
the Laughlin states would be the naturally more stable. 
Why this is true is not entirely clear theoretically since 
these theories (bosonic or fermionic) do not have a small 
expansion parameter and the corrections to the mean 
field results may be large (and in practice are large). Typ- 
ically mean field theory overestimates the energy gaps of 
the Jain states by about an order of magnitude (com- 
pared with numerical results for small systems). Also, 
the flux attachment transformation, central to both con- 
structions, is a local operation in space and as such it in- 
volves a large amount of Landau level mixing. While this 
is not a problem for the determination of the universal 
data of FQH states, it does have a large effect on energy 
gaps and similar quantities. In particular the mean field 
theory yields gaps whose magnitude is controlled by the 
effective magnetic field acting on the composite fermions 
and not by the physical energy scale, the Coulomb en- 
ergy at the magnetic length. Calculations beyond mean 
field theo ry may solve in the end some of these problems 
|l2ll3ll4| .' Numerical calculations with a relatively small 
number of electrons, presumably with significant and yet 
poorly understood finite size effects, support the conclu- 
sion that the Jain states are indeed more stable and that 
their stability diminishes with the order of the Jain se- 
quence 0] ■ Thus, at least qualitatively, the stability of 
the experimentally observed states, as measured by the 
width of their respective Hall conductivity plateaus, fol- 
lows the progression of the Jain sequences, rather than 
the Haldane-Halperin hierarchy [2Cj ■ 

As we noted above, the Halperin-Haldane hierarchy 
leads to an effective low-energy theory which involves a 
number of conserved currents, one per level of the hier- 
archy, which thus grows with the level. This is actually a 
feature inherent to all hierarchical constructions, either 
fermionic or bosonic. In the if-matrix form of the effec- 
tive theory, this feature is encoded in the rank of the K- 
matrix and on the number of fundamental quasiparticlcs, 
both of which grow with the level of the hierarchy |5l6j ] . It 
was noted by Haldane 16] that in most cases the resulting 
i4f-matrix has "null vectors", representing neutral parti- 
cles with "zero statistics" {i.e. without chirality), and 
proposed that such particles need not be conserved thus 
leading to an instability of these states. He then went 
on to propose that the states whose if-matrices do not 
have null vectors are the only stable states and coined 
the term T-stability to describe this criterion. 

Motivated by the question of whether these additional 
conservation laws are actually needed to understand the 
FQH states we have recently constructed a theory for 
all FQH states in the Jain sequences which requires the 



existence of only one conserved current, the charge cur- 
rent, and only one fundamental auasiparticle |l7ll8j . A 
key ingredient of this theory is a generalization of the 
flux attachment transformation which is consistent with 
the requirements resulting from topological and gauge in- 
variance applicable for a 2DEG on a closed surface. Un- 
like the standard hierarchy, the resulting effective Chern- 
Simons theory has several components and it is charac- 
terized by a if-matrix whose rank is the same for all the 
sequences. Moreover the resulting theory is automati- 
cally T-stable in the sense of Haldane. 

Recently, Pan et al. have carried out a set of exper- 
iments on high mobility samples at very low temperatures 
in which they observed the FQHE in the lowest Landau 
level at filling fractions not included in the quantum Hall 
(Jain) series. A deep minimum in p xx , as well as a re- 
spectable plateau in p xy , was observed for v = 4/11 and 
5/13, whereas for v = 6/17,4/13,5/17, and 7/11, the 
minimum was not as pronounced, and in fact no plateau 
in p xy was actually observed for these filling fractions. 
The state at 7/11 was observed earlier by Goldman and 
Shayegan po| . A respectable minimum in p xx was also 
seen for v = 3/8, but without any evidence for a plateau 
in p xy . In the case of the best defined of these new states, 
with v — 4/11, Pan et al. suggested that it is a fully 
polarized FQH state. They further proposed that the 
states they observed are evidence of a FQHE of compos- 
ite fermions. 

If this interpretation is correct, these are the first truly 
hierarchical FQH states observed to date, i. e. FQH 
states of the physical excitations of a primary Jain state. 
However, we should note that there are other possible 
mechanisms to get an incompressible FQH fluid, at least 
for some of the filling fractions they observed. Finite size 
diagonalization of small clusters of electrons plll22ll23| 
suggest that some of the observed states, such as the 
one at v = 4/11, should be at most partially polarized. 
This result is, however, at variance with the experiments 
of Ref. 0] that are consistent with a fully pol arized 
state. On the other hand, a number of authors 
have also proposed that at least for some of the observed 
fractions, for example v — 3/8, the ground state may be a 
paired quantum Hall state, with pairing of the excitations 
of the Laughlin v = 1/3 FQH state [23. It is clear that in 
principle there may be two or more competing phases and 
that whichever state is observed may depend on subtle 
microscopic details. 

In this paper we will take the point of view that the ob- 
served states are indeed hierarchical Jain states. In other 
words, these new states are the result of the condensa- 
tion of the physical quasi-particles and quasi-holes of the 
primary Jain states into new Jain-like FQH states. We 
will use here the approach we introduced in Rcfs. 
to construct these new states as hierarchical Jain states, 
and to derive an effective Chern-Simons field theory for 
these states, demanding the existence of only the mini- 
mum number of necessary conservation laws and compat- 
ible with the consistency requirements when the 2DEG is 
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placed on a closed surface. We will show that these states 
can be (locally) stable and that they satisfy the require- 
ments for T-stability. We will also show that these new 
states are organized more naturally as Jain hierarchical 
states rather than along the lines suggested by the stan- 
dard Haldane-Halperin hierarchy. We will use the result- 
ing bulk theory to find an effective theory of an unrecon- 
structed unresolved edge and to compute the tunneling 
exponent for electrons into these states. We find that 
it is equal to \/v for all systems with unreconstructed, 
unresolved (i e. "sharp") edge states within the Jain 
series as well as for all of their hierarchical descendants. 
This result, which we found earlier to hold for the pri- 
mary Jain states 0] , is consistent with all the presently 
available ex perimental data on the tunneling exponent 
|28l29l30l3l| . It suggests that this dependence of the ex- 
ponent on the filling factor is a generic property of all 
clean unreconstructed unresolved edges |32j |. In contrast, 
it is well known that if the edges are resolved, whether 
they are clean or not, the exponent has a more complex 
dependence on the filling fraction 33 34 35 3£j. 

The paper is organized as follows. In Section [fl we in- 
troduce a generalization of the fermionic Chern-Simons 
theory of the FQHE for fully polarized systems along 
the lines of Refs. and use it to construct these 

states, to compute their degeneracy on a torus, and to 
determine the quantum numbers of their quasi-hole and 
quasi-particle excitations. We also show that, contrary 
to the general expectations derived from the standard 
hierarchy^^ these states are T-stable. In doing so we 
will assume that quasi-particles and quasi-holes of the 
primary Jain states have simple and short range interac- 
tions. Under these assumptions it is possible to give a 
simple (perhaps naive) criterion for the stability of these 
states, which is discussed in Section [n] In Section [ffi] 
we study the possibility of these states being realized as 
partially polarized primary FQH state of electrons, and 
conclude that this option is not generally feasible within 
our approach, for all the filling fractions that have been 
observed. Finally in Section llVl we derive an effective the- 
ory for the edge states for these new hierarchical states, 
and calculate the electron edge tunneling exponents. 



I. FULLY POLARIZED HIERARCHICAL JAIN 
STATES 

The elementary excitations of all FQH states, including 
those on the principal Jain sequences with filling factor 
\jv = 2n + are quasi-holes with fractional charge 
and fractional statistics Here we will take 

as the starting point, the effective theory for the states 
in the Jain sequences developed in our earlier work [171 . 
which follows the framework and notation of Wen [5|. 
In this work the elementary excitations of these states 
are described by a set of currents j£ p , the world- lines of 
a set of (composite) fermions, which are coupled to a 
statistical gauge field and to a hydrodynamic gauge 



field 6 M through the effective action 

2n 1 

t^xb^dvbx + —e^xb^d^Ax + a^j£ p (1.1) 
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where is an external electromagnetic perturbation. 
This effective action reproduces all the universal data of 
the Jain states: the 2np + 1-fold ground state degen- 
eracy on the torus, the quasi-particle fractional charge 
e/(2np + 1) and fractional statistics 2mr/(2np+ 1) (mea- 
sured relative to fermions) [l7| . 

Away from these precise filling factors, the system has 
a finite density of quasi-particles (or quasi-holes) which, 
due to their residual interactions, can condense in a new 
FQH state in the field a^. Thus, we will assume that the 
underlying Jain state remains stable even in the presence 
of a finite density of its elementary excitations. We can 
then apply the same procedure for these quasi-particles 
as we did for the original electrons, and attach an even 
number 2ri\ of flux quanta to each quasi-particle which 
ensures that their statistics remains unchanged, resulting 
in the quasi-particle Lagrangian: 



2ni 

47T 



a p.jqp + C fi3 



^fivxd^id u dx 



1 

2^ 



Cadydx 



(1.2) 



where we have written the conserved quasi-particle cur- 
rent as jqp — -^^iivxdvdx- Upon integrating out the 
quasi-particles, within a mean field theory in which they 
fill up |pi| Landau levels of the effective field < c M >, 
the effective action becomes 



^-e^xc^cx + —euv\(cu + a^)d„dx 

47T Z7T 



2m 

47T 



£u,v\du,d v d\ 



(1.3) 



where c M are the fluctuations about the mean field (c^). 
Integrating out and d M we find that the contribution 
of the quasi-particles to the total action is ^e^xa^d^ax, 
with 



1 



2m 



l 

pi 



(1.4) 



i.e. the quasi-particles condense in a Jain-like FQH state 
with filling fraction V\. So far, we have used the term 
quasi-particle to name the elementary excitations of the 
Jain states, independently of the sign of their charge. 
Notice, however, that if we take into account this sign, 
inter-changing quasi-particles (negative charge) by quasi- 
holes (positive charge) will only change the sign of v\. 
Thus, V\ < corresponds to a FQH state of quasi-holes 
and vi > is a FQH state of quasi-particles (or quasi- 
electrons). Hence there is no restriction on the sign of 
either n\ or p\. In contrast, we still have the constraint 
n > and that the total filling factor is positive. 
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We can now collect the results of Eas. (|l.l| l- i|1.3|) m t ne 

more compact if -matrix form 5] . In this representation, 
the effective Lagrangian for a sequence of states whose 
"primary" states are the Jain ones at \/v = 2n + 1/p is : 



2tt 



where the coupling constant matrix is 



if 




(1.5) 



(1.6) 



and the indices I, J 



1, 
a,. 



, 4. We have defined the gauge 
the charge 
(0,0,0,1). 



fields a* = 6 M , af L = a^a^ = d M ,a- - ^, 
vector t = (1,0,0,0), and the flux vector £ = 
jq p i is the quasi-particle current corresponding to the 
excitations above the hierarchical state. Therefore, the 
general set of allowed quasiparticle excitations on top 
of this hierarchical state can be represented by a vector 
to = kl = (0, 0, 0, k) where k E Z. 

It follows that the filling fraction of these states is [f| 



v=\t T K-h\ = P {2niPl + 1)+Pl 



det if 



or, equivalently 



2n- 



p + V\ 



(1.7) 



(1.8) 



where v\ is given in Ea. l|1.4l) . It is straightforward to 
check that these sequences include the series of FQH hi- 
erarchical states proposed earlier on in Ref. ^(j ■ 
In Eq. I|1.6fl . the quantity 



| det if | = |(2mpi + l)(2np+l)+2npi| 



(1.9) 



is the ground state degeneracy of these states on a 
torus. This result agrees with the standard hierarchy 
even though, as we shall see, the spectrum is not quite 
the same. It is also easy to check that, provided | det if | 
remains finite, the excitation spectrum has a finite energy 
gap Eq which in mean field theory is 



E a = 



huj r 



det if I 



(1.10) 



We expect that this mean field result is an over-estimate 
of the size of the real g ap. As it is usual in these type of 
approximations |8l l9l37| the mean field gap is just the cy- 
clotron gap of the composite fermions and it depends on 
the bare mass (in this case of the quasi-particles or quasi- 
holcs which are condensing in the FQH state) . Here too, 
on physical grounds one expects that the cyclotron scale 
should be replaced by the appropriate Coulomb interac- 
tion energy of two quasi-particles (or quasi-holes) at a 
distance of the order of the magnetic length. Thus, due 



to the short-distance structure of these excitations [38j, 
we expect that quasi-particle and quasi-hole gaps will be 
appreciably reduced from the mean-field theory predic- 
tion. 

The quantum numbers of the quasi-holes of the new 
states are 



Q q h = et T K^£ = 



detK 



which is their charge, and 



Vqh 
7T 



2n+2n 1 {2np + 1) 
det if 



(1.11) 



(1.12) 



for their fractional statistics (measured from fermions). 
Note that there is only one quasi-particle (or quasi-holc) 
in our construction. In contrast, the Haldane-Halperin 
hierarchy predicts the existence of a number of well de- 
fined distinct stable quasi-particles whose number given 
by the rank of the matrix if, depends on the level of 
the hierarchy p|. In particular, and in contrast to the 
requirements of the Haldane-Halperin hierarchical con- 
struction, in our theory there is one and only one con- 
served current with respect to the electromagnetic field. 

An interesting consequence of this fact is that, in con- 
trast with what happens in the case of the Haldane- 
Halperin hierarchical states, all the states described by 
our approach are T-stable. According to Haldane jig , 
an Abelian Quantum Hall theory is T-unstable if the 
effective if -matrix theory has quasiparticles labeled by 
vectors m that satisfy mif _1 m = and tK^ 1 m = 0. An 
important caveat is that the null vectors must belong to 
the subspace spanned by the £ vectors of the fundamen- 
tal quasiparticles. In the standard hierarchy, the num- 
ber of fundamental quasiparticles grows with the level 
of the hierarchy, i.e. with the rank of the if -matrix, 
and the null vectors (if they exist) belong to the physi- 
cal subspace. In contrast, in our approach, the physical 
subspace is spanned by the fundamental quasiparticle, 
whose ^-vector is £ — (0,0,0,1). Thus, although in all 
the cases we have discussed the if-matrices of the form 
of Eq. 11.61 have null vectors, they do not belong to the 
physical subspace. In other terms, in this construction 
the "null-particles" are unphysical, and as a result these 
FQH states are T-stable. In particular, the observed 
state at v = 4/11 is T-stable |39| . 

Finally we note that this hierarchical construction, just 
as in any hierarchy, at least at a formal level can be 
repeated an indefinite number of times, leading to the 
construction of a (hierarchical) FQH Jain state for any 
odd-denominator fraction. We will spare the reader from 
this discussion. 



II. APPLICATION TO THE OBSERVED 
STATES AND THE STABILITY OF THE 
HIERARCHICAL JAIN STATES 

In this section we show that the states reported in Ref. 
[ill , as well as some other states observed earlier on 123, 
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liof , can be reproduced within this framework. 

It is clear from the experiments that all these states 
are not equally stable, and that some criterion must be 
devised to classify these states. We will address this prob- 
lem here at a very qualitative (and perhaps naive) level. 

In the case of the primary Jain sequences the stability 
of the states is determined by the size of the excitation 
gap and, to a lesser extent, by the interaction coupling 
constants between quasi-particles. Here too a similar 
sort of stability criterion can be constructed, by focus- 
ing mainly on the quasi-particle (and quasi-hole) energy 
gaps. We should note that an argument of this sort can 
at best determine the relative stability for states shar- 
ing the same parent Jain state. In particular, this sort 
of analysis should fail if a competing state of a differ- 
ent type were to be allowed for the same filling factor. 
Another factor that must be taken into account is that 
the states can be FQH states of cither quasi-particles or 
quasi-holes, which in general are not related simply by a 
particle-hole transformation as they have different gaps 
as well as interactions, and particle-hole symmetry holds 
only approximately. 

A related issue is that in our construction of the hier- 
archical states there is more than one way to reproduce 
a given filling fraction. For instance the v = 4/11 state 
can be obtained as a 1/3 descendant with v\ = 1/3, or 
alternatively, as a 2/5 descendant with V\ = —2/3. Like- 
wise, the v = 5/13 state can be constructed as a 1/3 
descendant with v\ — 2/3, or as a 2/5 descendant with 
v\ = —1/3. In the case of v = 4/11 the choice seems 
straightforward. It should be a descendant of the more 
stable parent state (1/3) with the smallest possible num- 
ber of extra quasi-particles condensing into a v\ = 1/3 
state. However, for the 5/13 state it is not clear whether 
the correct option is to choose the more stable parent 
state (1/3) with a larger number of condensing quasi- 
particles into a v\ = 2/3 state, or the less stable parent 
state (2/5) but with a smaller condensate of quasi- holes 
into a v\ = — 1/3. In the case of exact particle- hole sym- 
metry these two constructions lead exactly to the same 
state even though they have different parent states. No- 
tice that even though there are different ways to con- 
struct a given hierarchical state, the resulting state has 
exactly the same universal properties. Hence these are 
not distinct FQH states. 

In what follows, we will discuss two different criteria 
which are both intuitively reasonable and are natural 
within the framework of this mean field theory. A more 
careful study of the energy gaps and of the interactions 
between the elementary excitations (which is beyond the 
scope of this work) is necessary to determine which of 
the following criteria is more suitable. 

The first criterion is based on the following assump- 
tions: 

1. The more stable parent states are the Jain states 
with larger gaps. 

2. The more stable hierarchical states arc those that 



having the largest gaps, are descendants of the 
more stable Jain states. 

3. If there are two different ways of constructing a hi- 
erarchical state, the more stable one is the one that 
has the more stable parent state, and that requires 
the lowest density of condensing quasi-particles. 

4. Finally, states with v\ > are more stable than 
those with v\ < 0, since quasi-holes are expected 
in general to have smaller excitations energies than 
quasi-particles. 

It is apparent that this a rather qualitative criterion at 
best, and that in a number of cases it does not provide for 
a unique answer. For instance, it is not obvious whether 
it is better to construct a state with quasi-particles (with 
v\ > 0) of a more stable primary state, or with quasi- 
holes (with v\ < 0) of a less stable primary state. Clearly 
it is not possible to determine a unique choice without 
some knowledge of the quasi-particle and quasi-hole ex- 
citation energies (their gaps) and of their interactions 
[4l|. Nevertheless it is still useful to explore what con- 
sequences follow from the naive application of this crite- 
rion. 

According to this criterion we must first look at the the 
states which share the same parent primary Jain state: 

• 1/3 descendants: they are obtained by setting p = 1 
and 2n = 2, and are given by the sequences 



1 



= 2 



1 



l + i>i 



(2.1) 



yielding states at filling factors 4/11 (with v\ — 
1/3), 5/13 (with 2/! = 2/3) and 6/17 (with v x = 
1/5). Other descendants, not seen yet in experi- 
ment, have filling factors 7/19 {v x = 2/5), 10/27 
{v x = 3/7), 8/21 (ui = 3/5), and so on 

2/3 descendants: they are obtained by setting p = 
—2 and 2n = 2, and are given by the sequences 

(2.2) 



-2 



According to our criterion, the most stable descen- 
dant states will be 5/7 (with v\ = 1/3), 9/13 
(with v x = 1/5), 4/5 (with v x = 2/3), 8/11 (with 
v\ = 2/5), etc. All these states fall outside of the 
range of filling fractions of the data of Ref. [H^ |. 
since they have v > 2/3. However, a weak signa- 
ture of a possible state at 5/7 and 4/5 was observed 
earlier by Du et al. |40j who saw a weak depression 
of the longitudinal resistivity for these filling fac- 
tors. Also, Goldman and Shayegan [2(| saw FQH 
states at v = 9/13 (and at 7/11). 

The 2/7 descendants are obtained by setting p — 
—2 and 2n = 4, and are given by the sequences 



1 

v 



(2.3) 
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The states seen in the experiment have filling fac- 
tors at 4/13 (with v x = 2/3), and 5/17 (with 
vi = 1/3). 

• The 3/5 descendants are obtained by setting p = 
—3 and 2n = 2, and are given by the sequences 



^2 + - 

v —3 



1 



(2.4) 



So-far the only observed 3/5 descendant has filling 
factor 7/11 (with v\ = 2/3). 

A somewhat different classification of the observed 
states can be obtained if we adopt another stability cri- 
terion. In this second criterion we will assume instead 
that the more stable states are those generated by the 
condensation of the smallest number of elementary exci- 
tations on top of the more stable Jain states, indepen- 
dently of whether they are quasi-particles or quasi-holes. 
This is a very crude approximation, but consistent with 
our derivation of the quasi-particle condensate, since ex- 
cept for the sign of the charge, it does not distinguish 
between quasi-particles and quasi-holes. 

It is straightforward to show that given a parent state 
with filling fraction l/(2n+ l/p), the number of elemen- 
tary excitations on top of it that condense into the state 

„ = P(^l) +P1 ig giyen by nf = B ( iQ units 

of e = c = H = 1). Therefore, if there are two different 
ways of generating a given filling fraction, the more sta- 
ble one will be the one that has the smallest number of 
condensing excitations, i. e., the smallest p\. According 
to this criterion, for each Jain state, the more stable de- 
scendants, and therefore the most likely to be observed, 
will be those with v\ = ±l/(2ni + 1) ( i. e., p\ = ±1). 
We will see below that all the states generated following 
this rule have been seen in reference 

Thus, following this second criterion we get instead the 
following classification: 

• 1/3 descendants: In this case, the more stable de- 
scendant states will be 4/11 (with v\ = 1/3), 6/17 
(with v\ = 1/5), and 4/13 (with z/i = -1/5) . For 
v\ = —1/3 we obtain v = 2/7 which is of course 
more stable as a Jain (parent) state. The next 
states that can be obtained are 8/23 = 1/7), 
and 6/19 {vi = —1/7), whose gaps are smaller than 
the ones observed by Pan et al. [l9|. 

• 2/3 descendants: This yields the states 5/7 (with 
vi = 1/3) , 7/11 (with V! = -1/3), 9/13 (with 
vi = 1/5), 11/17 (with v\ = -1/7), etc. The state 
9/13 lies outside the range of the data of Ref. 
(since 9/13 > 2/3), although it was reported earlier 
in Ref. [2(j. However, 11/17 is within the range of 
the observed states, and in principle should be as 
stable as 5/17 or 6/17, except for the fact that it is 
the result of a quasi-hole condensate. 

• 2/5 descendants: This yields the states 3/17 (with 
v\ = 1/3), and 5/13 (with v\ = —1/3). Notice that 



3/17 being smaller than 2/7 is out of the range of 
the states observed in . The next possible states 
5/27 (with v x = 1/5), 9/23 (with v x = -1/7), etc, 
have very small gaps. The state 5/13 can also be 
constructed as a 1/3 descendant with v\ = 2/3, but 
this choice requires a larger number of condensing 
excitations than the one obtained as a 2/5 descen- 
dant. 

• 2/7 descendants: have filling factors 5/17 (with 
v\ = 1/3), 7/25 (with V\ = —1/3), and states with 
even smaller gaps. 

• 3/5 descendants: have filling factors 8/13 (with 
vi = 1/3), 10/17 (with v x = -1/3), and states 
with even smaller gaps. As discussed before, the 
state 7/11 can be constructed as a 3/5 descendant 
with v\ — 2/3, but this requires a larger number 
of quasi-particles than the construction as a 2/3 
descendant. 

As mentioned before, besides the very general argu- 
ments invoked about the stability of the parent states, to- 
gether with the size of the gap and the density of condens- 
ing excitations, there are no other factors that one can 
take into account at this level of approximation to decide 
on how to organize the states according to their degree of 
relative stability. A microscopic study of the interactions 
between the quasi-particles and/or quasi-holes involved 
is necessary to solve this question. Effective interactions 
among excitations of Jain states have been studied nu- 
merically recently by Lee et al. Goerbig et al. 0] 
have investigated the form of the quasi-particle interac- 
tions for Jain states with v = „ 1 , , using the Hamiltonian 
approach for the fermionic Chcrn-Simons theory of the 
FQHE of Murthy and Shankar Q. 

To conclude our discussion about the experimental re- 
sults, we turn our attention to the minima in p xx , but 
not yet a plateau in p xy , observed by Pan et al. 
at the even denominator fractions. We can construct 
these states as Jain descendants only if vi = 1/2. In 
particular, we obtain 3/8 as a 1/3 descendant, 3/10 as 
a 2/5 descendant, and 5/8 as a 3/5 descendant. How- 
ever, in this theory these even-denominator states are 
compressible [3^ fully polarized hierarchical Jain states 
since they are gapless. Alternativel y, t hey have been de- 
scribed as either pair ed states |24l25ll44| , or liquid crystal- 
like states |45l46l47| . 



III. A PARTIALLY SPIN POLARIZED 
DESCRIPTION OF THE OBSERVED STATES 

Up to this point, we have discussed how to construct 
the FQHE states observed in Ref. [ijj as fully polarized 
hierarchical descendants of the Jain series. Since this con- 
struction requires the condensation of the quasi-particles 
of the parent state, it is clear that these daughter states 
might become unstable under changes leading to a com- 
plete reorganization of the ground state. Thus, if a FQH 
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state of electrons were to become available at the same 
filling fraction, for instance a state which involves the 
spin degrees of freedom, it will be necessary to determine 
which state is chosen for a given physical system. Thus, 
the application of pressure to the sample, or tilting of the 
magnetic field may drive a transition to a partially polar- 
ized, or even an unpolarized state. Similar considerations 
apply to paired states. 

In this section we will consider if partially polarized 
FQH states can compete with the hierarchical Jain states 
discussed in Section [I] In Ref. and Ref. we 
showed that the Chern-Simons field theory for two di- 
mensional electron systems that have an extra degree 
of freedom, such as a layer or spin index, can describe 
FQHE states whose filling fractions are 



where 



2n _(I i + 2 n i )-(i T + 2n T ) 
n2-(I T +2n T )(i x +2n i ) 



(3.1) 



Here, 2n a is the integer number of fluxes attached to the 
electrons with polarization a (a =|, j), and n is the in- 
teger number of fluxes attached to a given particle due 
to the presence of the particles with the opposite polar- 
ization. The integer \p a | is the number of Landau levels 
filled by the particles with polarization a. All these num- 
bers can have either sign, since the flux attached, or the 
effective magnetic field seen at mean field, can be either 
parallel or anti-parallel to the external magnetic field. 

The total z-component magnetization per electron of 
the ground state is 

°total — 2 V ^ ' 

As discussed in Ref. and Ref. 0, in the case of 
a spin-1/2 system, in order to preserve the SU(2) spin 
rotation invariance of the Hamiltonian, even in the pres- 
ence of a Zeeman term, we must choose 2n a — n. In 
other words, the flux attachment should be done in such 
a way that it does not distinguish between different spin 
orientations. In particular this guarantees that the statis- 
tics of all the quasi-particles is the same, independently 
of their spin orientation. Notice that this is a symmetry 
requirement and it does not imply that the state is neces- 
sarily a spin singlet (although it is consistent with it). It 
is simple to check that none of the states reported in Ref. 
|19| can be obtained imposing the condition 2n a = n 7 

<7=U- 

On the other hand, if we could assume that the physical 
system breaks the SU (2) symmetry explicitly, we would 
be allowed to relax this condition and only require that 
the number of crossed flux (n) attached to the particles 
is even in order to maintain their fermionic statistics. In 
this case it is possible to find realizations of the different 
observed states. Taking for instance n = 2n^ and 2ri| — 
2ri| = 2m, we can rewrite the total filling fraction in the 
following way 



2m 



j_ 

Pi 



(3.4) 



1 



2n T 



l 



(3.3) 



This expression looks identical to the one we found for 
the hierarchical states (eq. H1.8fl ) provided that p-\ — > p, 
2m — > 2ni, p^ — > p\, and 2n-f — > 2n. However the 
interpretation of the integers appearing here is differ- 
ent. In this case the flux attachment is performed on 
the electrons, with 2n^ = 2n fluxes attached to elec- 
trons with spin f, and 2n^ = 2n + 2n\ fluxes attached 
to electrons with spin {. It is therefore obvious that 
the SU (2) symmetry is explicitly broken. Moreover, 
all these states are partially polarized with polarization 

S total = 2 fpVS+\ ) )+pJ ■ 0n th<3 0ther haild > m the CaSe 

of the hierarchical construction of Section^ 2n fluxes are 
attached to the original electrons that condense into the 
parent state, and 2n\ fluxes to the remaining excitations 
that condense into the daughter state. 

It can be shown that the states with even denominator 
[y = 3/8, 5/8 and 3/10) can not be constructed as incom- 
pressible partially polarized ones if the condition n = 2n^ 
is imposed. We could only obtain them if v* = l/2m, 
but in this case, they are compressible. Other possible 
mechanisms to generate even denominator incompress- 
ible states involve pairing 24 2j|. 

An alternative proposal has been put forth by Park and 
Jain |49j, who discussed states whose filling fraction is 
given by Eq. (|3.3I) for the particular case of n = 2, pj = 1 . 
The authors argue that these states are mixed states of 
composite fcrmions of different flavors, carrying different 
number of fluxes (vortices). In fact, the construction of 
Ref. 0| can be obtained from a scheme similar to the 
partially polarized states discussed in this section. Thus, 
we first attach n — 2nj fluxes to every fermion, indepen- 
dently of the orientation of its spin. The remaining fluxes 
2ni — 2n.f = 2m are attached only to the, let's say, spin 
i electrons. 

However, as discussed above, a construction of this 
type, in which different spin orientations get attached 
different number of flux quanta, breaks explicitly the 
SU(2) spin symmetry of the system, and it is not an 
equivalent representation of the system. Naturally, it is 
always possible to carry out the formal process of flux 
attachment in an asymmetric fashion, i. e. by ignor- 
ing the fact that, except for the presence of the Zeeman 
term (which commutes with the Hamiltonian), the phys- 
ical system is SU(2) invariant. In such an approach, spin 
SU(2) becomes a dynamical symmetry. However, as soon 
as approximations are made, the SU(2) symmetry is ex- 
plicitly broken. Of course, since the original problem 
has an SU (2)-symmetric Hamiltonian, the effects of the 
symmetry should eventually be recovered. However there 
is no guarantee that the symmetry can be recovered in 
perturbation theory, as it may well be a non-perturbative 
effect. Thus, the resulting mean field theory of composite 
fermions is constructed with states which are essentially 
orthogonal to the physical states, and the fully projected 
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states are very far from the intuitive and simple wave 
functions of (composite) fermions filling up these effec- 
tive asymmetric Landau levels. Thus, although Park and 
Jain succeeded in constructing states of this type for most 
of the new fractions, the states they find are not fully po- 
larized. Moreover, it is unclear how this scheme can be 
made compatible with the spin symmetry of the under- 
lying Hamiltonian. We should emphasize that, to have a 
ground state which is either fully or partially polarized, 
it is not necessary to break the ££7(2) symmetry of spin 
at the level of the Hamiltonian (beyond the effects of a 
possible Zeeman term). 



IV. EDGE STATES AND ELECTRON 
TUNNELING 

In this Section we give a brief derivation of the the- 
ory of the edge states for the hierarchical Jain states 
discussed in Section U Since we will follow closely the 
approach we used in Ref. and Ref. 0] we will omit 
many details and refer the reader to these references. The 
main goal of this section is to determine the exponent of 
the differential tunneling conductance for electrons. 

The Lagrangian of Ea. ll.5|l has the standard form dis- 
cussed by Wen and Zee Jg. Therefore, following the gen- 
eral arguments of Ref. [5| , it is straightforward to extract 
a theory for the edge states which reflects the structure of 
the bulk. In what follows we assume that there is a sharp 
potential that confines the electrons to a disk in such a 
way that there is no edge reconstruction. Furthermore we 
will also assume |!7ll8j that the possible multiple edge 
charge modes are unresolved, i. e. that they are confined 
within a magnetic length. Of course the validity of this 
assumption depends on microscopic details such as the 
specific form of the confining potential. 

The effective theory takes its simplest form when writ- 
ten in terms of the chiral boson (f>c, the charge mode, 
which is the only mode that couples to the electromag- 
netic field, and non-propagating topological modes which 
play a role similar to that of Klein factors. In terms of 
these fields, the Lagrangian for the edge theory is 



C = - — (<9i0c<9 o </>c - vdi4> c di4>c) 

47TZ/ 



47T 
1 

47T 



{p + vx) di4> T d 4>i 



(4-1) 



where v the velocity of the charged edge mode. The 2x2 
matrix /cy is given by 



1 

-2m 



(4.2) 



A general edge operator can be written as 

Xj/j^) = e i{ a G<t>a+OiT<t>T+Y,li=l a T i <t>T i ) (4 3) 



The charge Q and statistics 9 of these excitations are 



9. 

e 



-vac 



1 



(4.4) 



It is apparent that the topological modes only contribute 
to determine the statistics of the operators. Their role is 
to provide for a set of effective Klein factors which give 
the physical excitations their correct statistics. 

The operator that creates a quasi-particle or quasi- 
hole at the boundary can be found by requiring that its 
charge and statistics are given by Eqs. an d (|1.12|) 

respectively. It is immediate to see that the quasi-hole 
operator can be written as 



qh 



(4.5) 



Analogously, the electron operator at the boundary is 

y c ( x ) =e *(i4>c+ \ dot K^t) ( 4 g) 

This operator has the correct charge Q — — e, and statis- 
tics 8/tt = | det K\(2ri2(2np + 1) + 2n), measured with 
respect to fermions. Notice that all the physical opera- 
tors can be represented only in terms of the charge mode 
4>c and one of the topological modes (fix- 

There is much interest in studying different tunneling 
processes into the edges of the FQHE hierarchical states. 
In order to do so, we need to compute the propagator 
for an excitation created by an operator of the form of 
Eq. (|4.3|l . Since the effective action for the edge modes is 
quadratic in the fields, the calculation of the p ropaga tors 



of the chiral bosons is straightforward giving 

< (f>c(x,t)<j> c (0,0) > = -vlnz 



ropaga 



< <MM)<M0,0) > = *57— rsgn(rf) (4.7) 

2(p + vi) 

where z = x + ivt. 

Using the above results, the propagator for the field 
^(x), of the form given in Eq. 14.3fl . in the limit x — » + 
becomes 



1 



<vI/T(o+,i)*(0,0)> ( x— 



jsgn(t) 



(4.8) 



where gt — va c and 9 is given by Eq. I|4.4[) . In par- 
ticular, we find that the exponent g t for electrons is 
g e = l/v, whereas for quasi-particles (and quasi-holes) 
9q P = ^/(p(2n 1 p 1 + 1) +pi) 2 . 

The tunneling current / at bias voltage V has the scal- 
ing form 33 34] I(V) oc V a , where the exponent a is de- 
termined by the scaling dimension of the tunneling oper- 
ator. There are three cases of physical interest: (a) inter- 
nal tunneling of quasi-particles, for which a qp = 2g qp — 1 
(here scaling holds at large bias V), (b) tunneling of elec- 
trons between identical fluids, for which a e = 2g e — 1 (at 
low bias V), and (c) electron tunneling between distinct 
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fluids, for which a t — g e (again at low bias V). In par- 
ticular, in the case of tunneling of electrons from a Fermi 
liquid into a hierarchical FQH state, we find that the 
tunneling exponent is a = g e = 1/v. 

Thus, in contrast with what is obtained for the 
Haldane-Halperin hierarchy all the states described 
by our approach have a universal value of their electron 
tunneling exponent, which is always equal to 1/v in the 
case of an unreconstructed unresolved edge. Although 
this interesting result agrees with the experimental ob- 
servations of references ;28 29 30£n]], we should note that 
it does not predict that the exponent is 1/v for all values 
of the magnetic field, as the experiments seem to suggest. 
Instead what this theory predicts is that for each FQH 
state at filling factor v, the exponent will lock at the value 
1/v so far as the bulk state has not changed. Thus, there 
should still be a plateau, no matter how small, centered 
about the value 1/v. Although this reproduces the trend 
seen in the experiment, it still requires that the func- 
tional dependence of the exponent on the magnetic field 
has the same structure as the Hall conductance. The fact 
that, with the possible exception of a very small plateau 
at 1/3 with a small but observable discrepancy in the 
value of the exponent [2jJ , no plateau has ever been seen 
in edge tunneling exponent remains an unsolved and in- 
triguing puzzle which presumably will not be resolved 
until a true point-contact geometry becomes available for 
experiments. 

V. CONCLUSIONS 

In this paper, we presented an effective theory to de- 
scribe hierarchical states constructed as daughter states 
of the principal fractional quantum Hall Jain series at 
v = 2 p , . These daughter states result from the con- 



densation of the elementary excitations (either quasi- 
particles or quasi-holes) of the parent (Jain) state, into 
new FQH Jain-like states. This effective theory is a gen- 
eralization of the fcrmionic Chcrn-Si mons th eory of the 
FQHE for fully polarized systems |9T ll7ll8| . It repro- 
duces all the odd denominator filling fractions reported 
in Ref . [lflj as well as some states reported earlier in Refs. 
|20l40| . We found that these states are both locally stable 
and T- stable. 

Our results do not preclude the existence of other pos- 
sible competing states, such as paired states, inhomoge- 
neous states (stripes, bubbles, etc.) or anisotropic ne- 
matic states. But they do confirm that at least locally 
(in energy space) the hierarchical states are stable states 
of the 2DEG. 

We also used a similar approach to discuss the possi- 
bility of explaining some of these states as partially po- 
larized FQH states. We found that it is not possible to 
construct the new states reported in Ref. |19| using a 
scheme which respects the SU(2) invariance of the un- 
derlying Hamiltonian. 

Finally, we derived a theory of the edge states for the 
new hierarchical states, using the Chern-Simons bulk ef- 
fective theory presented here. In particular we discussed 
the predictions of this theory for the edge tunneling ex- 
ponent of electrons from a Fermi liquid, and find that for 
an unreconstructed sharp unresolved edge, the tunneling 
exponent is always equal to 1/v for all the fully polarized 
Jain states (hierarchical or not). 
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